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Nonlinear Momentum Transfer Control
of Spacecraft by Feedback Linearization

Hyochoong Bang,* Hyun-Sam Myung,” and Min-Jea Tahk*
Korea Advanced Institute of Science and Technology, Daejon 305-701, Republic of Korea

The momentum transfer problem between a single momentum wheel and a rigid spacecraft is investigated.
A feedback linearizing control is used for the momentum wheel. The proposed control law is a function of the
spacecraft angular velocity vector components, as well as the inertia properties. The total initial angular momentum
of the spacecraft is absorbed into the wheel, so that the spacecraft comes to rest at the steady state. The angular
momentum component of the spacecraft and that of the wheel spin axis are selected as the primary control
variables. A reference angular momentum history is predefined that leads to a smoothed control torque profile.
The proposed control method produces a very small nutation angle at the completion of the momentum transfer
maneuver. In addition, a two-stage control law switching strategy is proposed to complete the momentum transfer

maneuver.
Nomenclature

Hr = magnitude of the total angular momentum,

R N-m-s

H, = angular momentum vector of the spacecraft,

. N-m-s

H, = angular momentum vector of the wheel,
N-m-s

h, = angular momentum of the wheel relative to the
spacecraft, J,Q2, kg - m*/s

L+, = total moments of inertia about each body axis,

i=1,2,3) kg-m?

(I}, 1}, I}7) = principal moments of inertia of spacecraft,

~ kg - m?

I = —(L-Nh)/L

I = —(L—-Dh)/I

I3 = —(Lh—-h)/L

Jy, J, ) = principal moments of inertia of the wheel,
kg-m?

{/}.h(x) = Lie derivative of L(;.‘ “Yp along f

L = external torque vector, N - m

N = magnitude of the applied torque, N

t = time, s

u = applied torque, N - m

v(t) = desired time history of the output function

y(t) = outputto be controlled

§() = small perturbationof () from equilibrium

Q = wheel angular speed with respect to the

spacecrafth, axis, rad/s
body frame angular velocity vector
components, rad/s

(w1, Wy, w3)

w3 = initial spin rate of spacecraft, rad/s
@(wib; + angular velocity vector of spacecraft, rad/s
w2b2 + a)3b3)
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Introduction

MOMENTUM transfer between spacecraft and internal

wheels, in general, can be utilized to reorient spacecraft
attitude.!~® The flat-spin recovery is an example for the momentum
transfer® The momentum wheels with torque command absorb the
angular momentum of the spinning spacecraft. Attitude acquisition
is achieved via momentum transfer using the principle of angular
momentum conservation. The angular momentum vector is fixed in
the inertial reference frame by the momentum conservation princi-
ple, so that the wheel spin axis under torque input tends to be aligned
with the angular momentum vector absorbing the angular momen-
tum of the spacecraft. The bias momentum spacecraft, in general,
maintains a nominal angular speed at the mission orbit. In the early
mission stage, the wheel speed needs to be set to a desired value
that causes the spacecraft attitude to change in the course of wheel
spin-up. Therefore, if the spacecraft attitude acquisition and angu-
lar momentum of the wheel is initialized simultaneously, it would
be beneficial for various reasons. The 90-deg attitude acquisition,in
conjunctionwith momentum wheel speed initializationto a nominal
value, has been conducted in some bias momentum geostationary
communication spacecraft missions.

A simple but very practical strategy for the momentum trans-
fer is to apply constant torque'? to the wheel, which is initially at
rest. The wheel accelerates and the torque command is continued
until the wheel angular momentum level reaches that of the whole
system.** Once the wheel angular momentum level becomes close
to the desired value, the torque command is removed, and the wheel
comes into the so-called free wheeling state with a nearly constant
speed. However, a constant torque input usually leads to residual
oscillations about axes that are orthogonal to the wheel spin axis.
The residual oscillation, in turn, produces an oscillating nutation er-
ror. Usually, passive damping is adopted to damp out such residual
oscillations®” Thus, judiciouschoice of torque input to the wheel is
an essential element for the satisfactory momentum transfer maneu-
ver. The smaller the magnitude of the control torque is, in general,
the smaller the anticipated nutation angle will be. However, the ma-
neuver time tends to increases in such a case, and there is still no
guarantee that desired transfer performance is feasible with very
small torque.

Momentum transfer by optimal control theory has been studied
in Ref. 4 by Vadali and Junkins. The momentum transfer condi-
tion was specified by the terminal conditions on angular velocity
components. In other words, the residual oscillation at the end of a
maneuver is minimized, while the integrated control energy is used
as the performance index. A nonlinear two-point boundary value
problem was solved to build an open-loopcontrol. General dual-spin
spacecraftstability and the associated core energy®~ principle have
been employed to find out feedback forms of control commands for
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momentum transfer.!%!! Weissberg and Ninomiya'® used Hubert’s
core-energy concept to derive a feedback control control law, which
is designed to decrease the core energy of a spacecraft with mo-
mentum wheels.!” The core energy is defined to be the total system
energy of a fictitiousrigid body, neglectingthe relative motion of the
rotor. Kawaguchi et al.'? applied an active control technique for the
momentum transfer maneuver of multiwheel configuration. They
designed a nonlinear feedback control law with a stability guaran-
tee using Lyapunov’s direct method. Hall'® discusseda time-varying
control torque input designed for two-rotor gyrostats. The so-called
stationary-platform maneuver was developed, for which the plat-
form angular velocity is minimized by an active control action.

A general approach for nonlinear systems is to first linearize the
nonlinear systems about an equilibrium state. A linear controller is
thendesignedforthe linearized system. The accuracy of the lineriza-
tion depends on how dominant the nonlinearityis about the equilib-
rium point. Depending on the state of the system, different equilib-
rium points may be needed to design different sets of linear control
laws. One potential nonlinear control design technique is feedback
linearization!*~'® The feedback linearization is generally able to
handle a nonlinearity more efficiently than conventional lineariza-
tion techniquesbased on Jacobian linearization. An output function
is defined first, and the controller is designed to make the output
function follow a given reference trajectory. The control law con-
sists of the reference and actual states of the system. The controller
basically linearizes the system in the sense that stable tracking is
achieved for the output function of the original nonlinear system.!

The principal objective of this study is to apply the feedback lin-
earization technique to the momentum transfer of a spacecraft with
single momentum wheel. The output function is defined as an an-
gular momentum component of the spacecraft and the wheel. The
output functionis thenused to derive a feedback controllaw in terms
of angular velocity components and reference trajectory defined a
priori. The reference trajectory generationis based on smoothed an-
gular momentum transfer from the initial spin axis spacecraft into
the final axis containingthe wheel spin axis. The resultantcontroller
produces smaller steady-statenutationerrors compared to other pre-
vious approaches.** To resolve the case where the spacecraft body
itselfrotateseven at the completionof the initialmomentum transfer,
the controlleris switchedinto additional simple feedback controller.
Therefore, the momentum wheel eventually absorbs the whole an-
gular momentum of the system, so that spacecraft comes to rest
almost completely. The proposed control law, therefore, provides
performance enhancements in terms of final nutation error at the
expense of complicated structure.

This paper is organized into several sections. First, a review is
presentedon essential principles of momentum transfer using a sin-
gle momentum wheel. Then a briefreview on feedbacklinearization
theory is made, and the techniqueis applied to the momentum trans-
fer maneuver.

Momentum Transfer for a Single Momentum Wheel
Formulations and Momentum Transfer Basics

To explain a typical momentum transfer between a single mo-
mentum wheel and a spacecraft, the spacecraftconfiguration shown
in Fig. 1 is considered. .

The spacecraft is initially spinning about the b3 body axis. The
momentum wheel is initially at rest so that the total angular momen-
tum of the system corresponds to that of the spin about the b5 axis.
Now the momentum wheel starts to spin up, and the wheel angular
momentum increases through control torque input. Because the to-
tal angular momentum of the system is constantin the inertial frame
of reference, the angular momentum of the spacecraftis transferred
into the wheel. As the wheel gains angular momentum, the wheel
axis tends to be aligned with the angular momentum vector of the
system that is fixed in the inertial frame.

The total angular momentum of the system is given by

H=H,+H, (1)
Let us introduce the following notations for each term?:

H, = I} wb, + L wyby + I wshy 2)

A
By
03
|

%
B/Q:O ,=0
/ w,=0 B‘ o,
a) b)

Fig. 1 Momentum transfer between spacecraft and a momentum
wheel: a) initial spin and b) after momentum transfer.

H, = Jioib, + J(w, + b, + Jy03b; 3)
Thus, the total angular momentum of the system can be rewritten as
il=H11A71+H21A72+H3I;3 4)

where the components are defined as

H) = Lo, Hy = hoy, + hy, H; = Los (%)
Based on the definition of the angular momentum of the system, the

governing equations of motion are derived as

i +oxH=L (6)
dr |; @ o

For momentum transfer, the external torque input is set to zero, so
that L = 0. Now, the preceding equations of motion can be rewritten
in body frame as

Lo, + (I3 — h)w,ws — w3h, =0 7
Lan + (I = L)ooy +hy, =0 ®)
Loz + (L — I))wyw, + w1h,, =0 )

In addition, the momentum wheel dynamics can be derived from ap-
plied torque and resultantangular momentum changes of the wheel
about the b, axis’:

u=J(on+Q) = hor +h, (10)

Combining Egs. (8) and (10) yields the wheeldynamics with respect
to the wheel angular momentum?:

hy = (L)1) — Byosoy + (L] I} )u an
Equation (8) can be rewritten in terms of the wheel torque as
Lo, + (I, — L)wsw, +u =0 (12)

The preceding equations of motion alternatively can be put into a
first-order state-space form

x=f(x)+gu (13)
where the state vector is defined as
X = [a)l»wZ»thw]T (14)

Note that without an external torque input, the total angular
momentum of the system is conserved, so that

H =./H?+ H} + H? = H; =const (15)

As a convenient criterion for the momentum transfer, the nutation
angle of the system can be defined as

6 =cos™' (H,/H) (16)
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Hence, the nutation angle decreases from 90 deg with H, equal to
zero initially and a smaller value as the momentum transfer pro-
gresses. The smaller the final nutation angle is, the more successful
maneuver performance is. Thus, the momentum transfer condition
can be specified as

[w, w;, w3, 1,y ] = [0, 0, w3, 0]
initially and
[y, ®,, w3, h, ] =[0,0,0, JZQf]

at final time. Here, Q2 is the wheel angular rate that under ideal
situation,correspondsto theangularmomentumof the systemscaled
by inertial ratio.

A simple but practical momentum transfer strategy is to apply a
constant torque input such as!>*

u(t) = N (17)

When the constant torque is applied, the angular momentum of the
wheel continues to grow until the input command is removed. The
total angular momentum of the system is given by

H = Hy = Liwsy (18)
The wheel torque command by Eq. (17) continues until
hy = Ly = Hr (19)

is satisfied rigorously.

However, Eq. (19) only guarantees that the wheel has initial mo-
mentum magnitude and not necessarily the direction. The wheel
angular momentum causes gyroscopiccoupling about the b, and b3
axes as implied by Eqgs. (7) and (9), respectively. In addition, wheel
control torque causes the angular velocity component w, to change
from Eq. (8). Residual oscillations, even after Eq. (19) is satisfied,
are observed about every body axis. The degree of oscillations de-
pends on the magnitude of the torque input.!* In general, as the
input magnitude N increases, the final nutation angle is likely to
be trapped at a larger value.” Theoretically, a very small number
for N could be selected, but maneuver time will increase in turn.
Therefore, the best strategy is to find a control torque command that
producesminimum residualangularmotions at areasonableamount
of maneuver time.

A sample momentum transfer scenario has been simulated to il-
lustrate the transfer strategy by constant torque input. Even though
the constanttorque inputcase has been extensivelydiscussedin pre-
vious studies,"*? it would be a useful reference for the new control
law to be introduced later. The moment of inertia data of the space-
craft model are given as [/, I, 3] =[86.24,85.12,113.59] kg - m?
and [I}, I7, I7]1=[86.215, 85.07, 113.565] kg - m?, and an initial
spin rate of 0.1771 rad/s about b; axis is chosen. For comparison
with the previous study in Ref. 4, identical model data and simu-
lation conditions are taken. The magnitude of the constant torque
inputis setto N =0.005(N - m), which is also equal to that of Ref. 4.
Note thatinitial spin axis is the axis of maximum moment of inertia,
whereas the wheel is aligned along the minimum moment of inertia
axis. The moment of inertia for the initial spin axis is important for
the successful transfer performance as discussedin the next section.
Simulation results are presented in Fig. 2 with 4000-s simulation
time.

The simulation results are exactly matched with those of Ref. 4.
Torqueinputis applied until Eq. (19)is satisfied. The nutation angle
decreasesfrom 90 deg. The final nutationangle is shown to oscillate
atabout7.7 deg. A significant amount of residual oscillations about
other axes is also present.

Initial Stability

Inthe single wheel momentum transfer, the initial spin axis should
be the maximum moment of inertia axis for a successful transfer.
The moment of inertia taken in the preceding simulation satisfies
I, < I, < I;.If the initial spin axis happens to be an axis of minimum
moment of inertia, then a so-called inverted turn>® may result. In
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Fig. 2 Simulation results with constant torque input to the wheel.

this case, the nutation angle increases over 90 deg combined with
negative rotation (w, < 0) of the spacecraft body axis (b,). An in-
verted turn may be prevented with a passive damper in Ref. 7. Even
though the inverted turn is a fairly well-known phenomenon, a dis-
cussion on stability analysis is presented herein. It will provide an
additional reference for the feedback linearization approach in the
following section. In other words, whether the new feedback type
control law can avoid the inverted turn will be examined.

The initial condition before momentum transfer action is pre-
scribed as

w] = 0, wy = 0, w3 = W3p, l’lw =0 (20)
Then, by application of the torque command to the wheel, the fol-
lowing perturbed states are assumed to be created:
w3 = w3 + dws

w; = Sa)l, wy = (Sa)z,

h!l,' = 8h!l,' (21)

where § represents a small perturbation from the equilibrium state.
The perturbedstates are substitutedinto the original governingequa-
tions of motion, producing a set of linearized equations as

Liéw, + (I3 — L)wspdwr — w3pdh, =0 (22)
Ldan + (I — I)wsedw; + 8k, =0 (23)
Ldan =0 (24)

Note that dws is nearly constant as demonstrated in the simulation
results (Fig. 2). Furthermore, from Eq. (23),

(SHZ = 128(1)2 + (Shw = — /(11 - 13)0)308(1)1 dr (25)
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Because w3 > 0, it follows that § H, > 0 when 15 > I; and dw; > 0.
From the definition of the nutation angle, the nutation angle should
start to decrease if § H, > 0. This phenomenon is also evident from
the simulation results. Now, to complement the analysis for the
dw; > 0 condition, Eq. (22) can be rewritten as

Lidw, + [(I3 — L)dw, — 8hy,Jwzg =0 (26)
Because i, > 0, it canbe easily seen that§h,, > (I3 — I,)Sw, needs
to hold to assure §w; > 0. However, no conclusive remark on §w,
can be made at this point. Rather than investigating dw, through
extensive algebra work, we rely on the simulation results to show
that §w; > 0 for the either maximum or minimum moment of inertia
of the initial spin axis. Therefore, going back to Eq. (25), it can be
stated that 6 H, > 0 with §w; > 0 at the initial perturbation, so that
the nutation angle is expected to decrease from 90 deg.

On the other hand, if the original spin axis happens to be the axis
of minimum moment of inertia such as /5 < I; < I, an analogous
analysiscan be made. From Eq. (25), I; — I, <0, andif we adoptthe
rigorous condition that 6w, > 0 still holds as a verified simulation
study regardless of the moment of inertia of the initial spin axis, it
follows that§ H, < 0 from Eq. (25).In suchacase, the nutationangle
exceeds 90 deg at the initial perturbation.Furthermore,dw, < 0 from
Eq. (25), whichis also verified by simulation. A nutation angle over
90 deg could be visualized by the wheel axis moving away from
the angular momentum vector. In this case, the spacecraftbody axis
containing the wheel spins in the direction opposite (w, < 0) to the
wheel spin direction>’

Unstable momentum transfer case is simulated with a different
set of moment of inertia, given as [/, I, I3]=[86.24, 113.59,
85.12] kg - m?. The wheel spin axis corresponds to that of the maxi-
mum moment of inertias of the spacecraft. The torque inputselected
isidenticalto the previoussimulation (Fig. 2). Numerical simulation
results are provided in Fig. 3.

In contrast to the trend in Fig. 2, the nutation angle in this case
starts to increase at the initial application of control command. The
spacecraftbody axisaboutthe wheel axis tendsto spinin the negative
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Fig. 3 Simulationresults by unstable moment of inertia configuration.

direction (w, < 0). The analysis made so far with constant torque
input is connected to the feedback control in the following section.

Feedback Linearization

Before we design a momentum transfer control law by feedback
linearization,we review the principalidea of feedbacklinearization.
The majority of material on thissectionis fromRef. 15 by Lin. Other
abundant material on feedback linearization is also available, but
most of it is not listed in this study for the sake of brevity. As noted
before, the feedback linearizationtechniqueis based on a linearized
relationshipbetween input and output. For an n-dimensional single-
input/single-outputnonlinear system of the form'

i=f() +g®u 27)
the output function is defined as
y(@) = hlx(®)] (28)

where f(x) and g(x) are functions of vector fields in R".
The feedback linearizationis to find an integer p and a feedback
control of the form

u=oux) + v (29)

where « and f are smooth functions defined in a neighborhood of
some pointxy € R" and f(x¢) # 0 such that the closed-loop system
by the control input

=f@ +gxa@) +gx)pH)v (30)
y=nh (€29)

has the property that the pth-order derivative of the outputis given
by

Y1) = v(t) (32)

The generalized form of the system given in Egs. (27) and (28) is
input-output linearizable around x, with relative degree p by the
following expression for the control law'>:

—L”h(x) +v
u(t) = T (33)
L, L7 Th(x)]

for which the output function satisfies
Y1) = v(t) (34)

sothatthe systemisassumedto havearelativedegree p atx. Lf h(x)
is the Lie derivative, satisfying L”. =h, Lih=(0h/0x)f(x), and
LA h(x) = (aL(k_l)h/ax)f(x) (Ref 15).

Now for the feedback control law, exact tracking of the output
signal is realized if the error signal is defined as

e(t) = y(t) — v (1) (35)
and it satisfies
YOt =y (1) = v(t) (36)

togetherwith e’ (0)=0, j=1,2, ..
should be of the form

., p — 1. The controlinputthen

—L7hlx()] + v (1)
L, L™ hlx(1)]

u(t) = (37

The controllaw design can be furtherextendedinto an asymptotic
tracking control. In other words, the control law

v(t) = r @) = [ap_ne? D+ +a e (@) + ae)] (38)
results in a closed-loop system dynamics:
+ o eV () +apet) =0 (39)

e + o, - l)e("_l)(t) + ...
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for the output function. The parameters o), i =0,1,...,p0—1,
should be selectedin such a way to guarantee stability of the closed-
loop system. In this case, the control law is expressed in the form
o —L5hlx ()] +r?(6) = Y02 ae® (1)
u(t) = —

L, L'~ Vhlx(1)]

(40)

Obviously, the asymptotic closed-loop tracking control law is more
practical than the exact open-loop control law considering the initial
error between the reference and actual system in general cases.

Momentum Transfer by Feedback Linearization
Control Law Design by Feedback Linearization
As a choice for the output function in feedback linearziation
for the momentum transfer, the wheel angular momentum can be
selected:

Yy =hy 41)
Furthermore,
y=hy ~u (42)

from Eq. (10) because w, is generally much smaller compared to
wheel angularacceleration. Thus, the controllercould be determined
trivially as the input torque to the wheel. However, this case again
reduces to the original open-loop problem for which the control
input should be determined judiciously for optimum performance.
Even if we could arbitrarily specify the control input, an open ques-
tion would remain as to how to select the control torque profile.
The wheel command torque alone does not guarantee desired per-
formance as illustrated in the constant torque input case.

Next, we propose another candidate output function as

y=H, = Lw, +h, (43)

Itis based on the idea that the nutation angle depends on the angular
momentum about the b, axis because the total angular momentum
is conserved. From the definition of the nutation angle in Eq. (16),
it can be claimed that as the output function (y = H,) reaches the
total angular momentum, the nutation angle also approaches zero.

With the output function defined, we take successive differentia-
tion so that the relative degreeis determined first. Now, from Eq. (8),
it can be easily shown that

y=— - hB)ow; (44)

The control input dose not explicitly appear in y; thus, one more
differentiationis taken to yield

¥y == — L) (@w; +wws) (45)

Now, substituting Eqgs. (7) and (9) into Eq. (45) and rearranging
terms leads us to

§/(—1 + L) = (Isw, + hyy /1) @2 + (0, — hyy/I)w?  (46)

The second derivative of the output function still does not show
direct dependency on the control input. Thus, an additional step is
taken to produce

y(3)/(—11 +5L)= i31 [(i23 - hw/h)@% + (ilz + hw/l,?)w%]wlw,?
+4w1w3[i23w2 + hw/ll][iBwZ —hy, /L]

+[(1/1 = Ly [ ;) + (—1/15 = 12 [ I} ) 0} ]u (47)

The third-order derivative of the output (y©®) contains the control
input explicitly. Therefore, the relative degree (p) is equal to three.
The preceding equation can be rewritten in new symbols as

y(3) = P(wy, ;, w3) + Q(wy, w3)u (48)

Now, to design a control law based on the explicit relationship be-
tween the third-order derivative of the output and the control input,
a reference trajectory of the output function needs to be generated.

yr(t) “

Hy

0 Time(t)

Fig. 4 Reference angular momentum trajectory.

The reference outputis taken as the referenceangularmomentum
to be tracked by the output function (H,). Mathematically,itis given
in the form

¥r = Hr[l —exp(=t/1)] (49)

where Hy again represents the total angular momentum of the sys-
tem, and 7 is a time constantdetermining the shape of the reference
trajectory. The reference angular momentum trajectory is graphi-
cally represented in Fig. 4.

Obviously, there could be other choices of the reference angular
momentum profile. However, the reference angular momentum se-
lected here implies that the whole angular momentum of the system
is absorbed into the b, axis at the steady state. Consequently, it cor-
responds to the nutation angle converging to zero at the steady state
if the actual angular momentum (H,) tracks the reference trajectory
within reasonable accuracy. The time derivatives of the reference
signal are given as

Yr = Hr /T exp(—1/7) (50)
§, = —Hy [ exp(t/7) (51)
v = Hy [ exp(—t/7) (52)

Now the third-order derivative of the outputin Eq. (47) is utilized
to define a single-inputand single-outputsystem:

YO =) =y

P(w, wy, w3) + Q(wy, w3)u (53)

The equation could be used to find the control command explic-
itly in terms of the reference trajectory, spacecraft mass proper-
ties, and angular velocity components. From Eq. (53), note that the
control input depends on spacecraft angular velocity components
(w1, 0,1, w3), which nowdays are measurable by onboard inertial
measurement units. From a physical point of view, the controller
attempts to control angular momentum components orthogonal to
the b, body axis.

The feedback linearization is known to be useful in handling a
givenoutputfunctiontrackingperformanceby feedbackcontrol.Be-
cause the principal objective of the momentum transferis to control
the angular momentum component along the wheel and/or space-
craft body (b,) axis, the total angular momentum (y = Lw, + h,,)
is selected at the output function. Then, the output function is pre-
scribed to follow a smooth reference trajectory, which is expected
to produce a small nutation angle at the maneuver end. The con-
trol input is directly related to the desired output trajectory through
a feedback linearization technique. In the approaches shown ear-
lier, there is no direct connection between the control input and the
angular momentum (y = L,w, + h,). Therefore, the feedback lin-
earization approach in this study results in more active control of
the angular momentum or nutation angle profile.

Asymptotic Tracking

The time derivatives of the output and reference trajectories de-
rived in the earlier part of this paper can be combined together to
build an asymptotic tracking control law. From the generalized form
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of the tracking control law in Eq. (40), a tracking controller is pro-
posed as

u) =v—-—P -y —¥)—ar(y =) —aoly —y)1/Q
(54)

Application of the preceding tracking controller produces a stable
output response governed by

e()Y + 0ré(1) + ayé(1) + age(t) = 0 (55)

where e(t) = y(t) — y.(¢) represents error between the actual and
reference outputs. The design parameters o; (i =0, 1, 2) should be
selected to produce a stable closed-loop system.

Simulation

A momentum transfer scenario is simulated with the proposed
control law. The tracking control torque command is, therefore,
applied to a model spacecraft that is identical to that in the earlier
case of constant torque input. To avoid unusually excessive control
command, a limiter is implemented as

N if u(t) > N
dsu(ty=qu if —N <u(t) < N
—N if u(t) < —N (56)

where N is set equal to the constant torque input magnitude of
0.005 N - m. Design parameters ¢; in Eq. (55) and a time constant
of referencetrajectory are selected by a few trials. Simulationresults
produced by the new tracking control law is presented in Fig. 5.

Compared to the simulationresults in Fig. 2, the new control law
can be shown to absorb the initial angular momentum of the space-
craft more effectively. Angular velocity components about the b,
and b; axes converge to very small numbers without much oscilla-
tion. Small residual oscillationis a significantimprovementin terms
of final nutation angle over the conventional constant torque input
cases in Refs. 1 and 4. The final nutation angle in Fig. 2 oscillates
around 7.7 deg with constantinput. The optimal control approachin
Ref. 4 produced a final nutation angle of 4.2 deg. Now the nutation
angle error by the new control law is about 0.1 deg, only over the
same maneuver time. Obviously, such significant improvement in
nutation error by the new control law is made possible by a compli-
cated controller structure using feedback instead of open-loop con-
trol. Despite a much smaller nutation angle, the proposed controller
structureis more complicatedcompared to preceding open-loop ap-
proaches. The constantand optimal control torque input could have
a certain limitation in minimizing the nutation angle compared to
the feedback control in this study. However, the principal advantage
of the preceding methods lies in the simpler implementation of the
controller. Therefore, the simplicity of the controller and small nu-
tation angle by feedback control could be a tradeoff subjectin actual
applications.

The reason for such a small nutation angle may be due to the
smoothed reference trajectory of the output function. The output
function is prescribed to follow the given trajectory, which seem-
ingly leadsto a smoothnutationangle trend. The smoothed reference
trajectory produceda smoothedtime-varyingcontrolcommand with
corresponding smooth momentum transfer. As the final nutation
angle becomes smaller, the residual oscillations @, and w; should
become smaller in proportion. The output feedback linearization
approach connects the output function directly to the control input
in a stable manner, so that more active control of the nutation angle
by using the predefined reference trajectoryis achieved. The mathe-
matical analysis of w,; and ws is not simple because the closed-loop
system with the applied control input is highly nonlinear. Instead,
the smaller nutation angle provides a conjecture on the magnitude
of w; and w; because it is validated by nonlinear simulation results.

The control input starts from a nonzero value and converges to
zero. Around the final simulation time, for some combinations of
design parameters, a numerical difficulty has taken place. The diffi-
culty turns out to be the case where the numerator and denominator
in Eq. (54) approachesthe zero line around the final simulation time.
From physical view point, the control input should be continuous,
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Fig. 5 Simulation results with feedback linearization control torque
input.

with a finite value. The sharp rise of control command at the end
of simulation time, therefore, has been handled by an appropriate
switching technique by monitoring whatever numerical instability
exists at steady state. Nevertheless,such a problem could be avoided
by examining those terms before issuing the control command to
be delivered. When it is intended to tolerate a bigger final nutation
error by stopping the control action earlier, control command does
not experience the computational problem.

Another point to be addressed is that, even if the final nutation
angle itself is relatively small, the spacecraft body rotates as in-
dicated by the steady-state angular velocity w, about the b, axis.
This is because of the structure of the output function defined in
Eq. (43). The controllaw alone is not able to distribute the angular
momentum into the wheel only. Consequently, the spacecraft spin-
ning motion is locked with the wheel rotating togetherin the b, axis.
Therefore, to transfer the angular momentum soley into the momen-
tum wheel, an additional control strategy should be considered that
will be discussed in the next section.

In the preceding section, it was discussed that the moment of in-
ertia of the initial spin axis plays a central role for the momentum
transfer results. Initial spin about the minimum moment of inertia
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Fig. 6 Output responses by feedback linearized control input for
unstable momentum of inertia configuration.

axis produces an unstable response with same torque input, produc-
ing a nutation angle that is finally trapped into an incorrect attitude.
Now, the new control strategy by feedbacklinearizationis illustrated
oversuch a case by a simulation study. The set of moment of inertias
is[1, I, I;] =[86.24, 113.59, 85.12] kg - m?, an unstable configu-
ration in the preceding constanttorque input study. Identical control
command governed by Eq. (54) is applied with the new moment of
inertia set. The maximum control torque is also limited to the same
value as Eq. (56). The simulation outputs are shown in Fig. 6.

The nutation angle, in contrast to the case with constant torque
input, tends to decrease. The controller tries to control the output
function, and the moment of inertia is automatically taken into ac-
countin the controllaw. As can be shown, the initial sign of control
command is negative, being opposite to the stable case. The control
command history shows trends wilder than the stable case. Numer-
ical problems in evaluation of the control command are attributed
to the source of such a trend.

Switching Control Law
In the earlier simulation work, it was shown that a small nuta-
tion angle was achieved. This implies that the spacecraft angular

momentum is transferred into the b, axis successively. However,
the final spacecraft angular velocity w, about the b, axis does not
converge to zero. The output function is not intelligent enough to
distribute angular momentum into the wheel only. To complete the
momentum transfer maneuver, it is necessary to transfer every an-
gular momentum of the spacecraft into the wheel. In order words,
the spacecraft is required to be stopped almost completely. Thus,
the final condition after momentum transfer should be as close as
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possible to
(w1, w2, w3, 2) = (0,0,0, Qf)

Now, motivated by the final nutation angle given by the proposed
controllaw being small enough so that gyroscopiceffects about the
b, and b; axes are negligible, an additional wheel control law is
proposed:

u=yw, y >0 (57)

The idea for the proposed control law is that the spacecraft, with a
very small nutationerror, is at nearly a pure-spin conditionin the b,
axis by the feedbacklinearizedcontrol. Therefore, the controlaction
[Eq. (57)] is simply required to slow the spacecraftspin rate in that
axis. The precedingcontrollaw, therefore,becomesoperationalafter
the final nutation angle reaches a threshold value by application of
the feedback control law. The control law, when substituted into
the original equation of motion [Eq. (8)] on the condition of small
residual oscillations about orthogonal body axes b, and b5, yields

Loy, +yw, =0 (58)

Now the spacecraftangular velocity w, becomes a stable first-order
system. Because the total angular momentum of the system is con-
stant, the wheel angular momentum should change at the same rate
as that of the spacecraft. Considering that the small residual oscil-
lations about orthogonal axes, it can be stated that the momentum
wheel eventually will absorb the total angular momentum of the
system.

Momentum transfer with the control switching strategy has been
simulated with the results presented in Fig. 7. The simulation time
is extended by 1000 s to allow enough time for the switched control
command to be in effect.

Simulation results show that the spacecraft body finally reaches
almostnegligibleangular velocity levels in all body axes. The wheel
absorbs all of the angular momentum of the system. In particular,
the spacecraftbody angular momentum about the b, axis is quickly
transferred into the wheel after the new control law is activated at
4000 s. The residual oscillation due to the switched control law is
still far less than the constant torque case; specifically, it is less than
atleast 10% in angular velocity about the b, axis compared to those
in Refs. 1 and 4. The steady-state nutation angle oscillates at about
as small as 0.2 deg. The large torque (i.e., large y at the instant of
switching into another control law) is introduced to show that large
torqueinputcould be applied withoutinducing excessive gyroscopic
coupling. Large torque has been generally prohibited in traditional
momentum transfer strategies to reduce large nutation error, but it
is accommodated in this case with a small nutation error.

Conclusions
Feedback linearization technique has been applied to a single
wheel momentum transfer problem. The new control command con-
sists of nonlinear combinations of angular velocity components and
inertial properties of a spacecraft. The proposed control law was
able to achieve a highly satisfactory momentum transfer, produc-

ing a very small nutation angle at the steady state. The control law
automatically handles the case where initial spin axis is the mini-
mum moment of inertia axis. However, it turns out that the body
axis along the wheel rotates locked with the wheel, and angular mo-
mentum is not completely absorbed into the wheel. This problem
was solved by introducing a two-stage switching control strategy.
The combined feedback linearization and additional control action
achieve a satisfactory momentum transfer mission. Robustness and
practical implementation issues for the proposed control law need
to be followed in future study.
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